We propose a model to describe the quasistatic shearing of dry granular materials, which captures the differences in velocity profiles recently observed in 2 and 3-D Couette flow experiments. In our scheme, the steady-state flow is due to the intermittent motion of particle clusters moving together with the wall. The motion of a cluster is associated with the formation of a fracture in the pack under stress. The model is based on the assumption that the persistence length for a fracture is exactly its distance to the moving wall, which imposes a self-similar structure of the clusters. Through a probabilistic approach, we can evaluate the rate of appearance of a cluster of a given size, and obtain a prediction for the the average velocity profiles. This model also predicts the existence of large stress fluctuations at the moving wall, which characteristics are in reasonnable agreement with experimental data.
I. INTRODUCTION
Dry granular materials exhibit a large range of dynamical behavior, most of which being very poorly understood (for a general review see [1] ). An assembly of dry macroscopic particles can for instance flow when submitted to a shear stress. However, the underlying mechanism can be very different, depending on the shearing rate and the resulting density of the medium. Two well-defined regimes are generally distinguished: upon rapid shearing or shaking, a fluidized state can be reached in which the stress is transfered from the boundary to the bulk through individual collisions. This process is reminiscent of viscous fluid dynamics, the kinetic energy of the particles playing the role of a temperature by allowing a rapid randomization of the material structure. A statistical theory, adapted from the Navier-stokes description of gas successfully accounts for this regime [2] . In the opposite limit of quasistatic shear flows, the density is high enough that the stress is mainly transfered by solid friction between particles in persistent contact. The motion of the particles at a given time depends on their particular packing configuration as well as the force network builded up in the medium. This leads to a high level of complexity of this vitreous phase which so far has hampered the emergence of an adequate description of fully developped flows [3] .
Since the latter regime is relevant to a wide range of disciplines, such as geology (earthquakes and pyroclastic flows for example [4] ) as well as industrial applications such as granular transport in hoppers and pipes, a strong experimental effort has been recently seen aiming at offering quantitative measurements of this slow shear dynamics. First, it has been observed that most of the material flow is confined whithin a thin shear band (typically 10 particle diameters wide) at the vicinity of the moving wall. Second, extremely large forces fluctuations have been measured on the moving boundary, in different shear geometries.
Very recently, two experiments have been performed independently on 2D and 3D Couette cells to measure the average velocity profile of the material in the shear zone [5, 6] . Surprisingly enough, the two results were found to be significantly different: in 2D the velocity v decayed with the distance r to the inner disc wall according to an exponential law, whereas in 3D, the velocity profile obeyed a Gaussian form. The difference between 3D and 2D is important since most of the models and simulations tend to neglect the dimensionnality of the system. Moreover, because a Gaussian form cannot be derived from a local differential equation, the 3D result suggests that a purely local model would fail to describe it.
In the present paper, we account for this fact by assuming a simple form describing correlated particle motions. This hypothesis alone allows us to produce an average velocity profile consistant with that observed in both 2 and 3D. This statistical model considers the steady-state motion of the material as a continually sequence of failures taking place in the sheared solid pack. The correlation criterion imposes the geometry of the fracture. We will show that the probability distribution and force spectrum derived from this model are in good agreement with experimental results found in the litterature.
II. THE MODEL
First we investigate an ideal situation. Consider a plane shear geometry, where a wall is moving at a slow constant speed V 0 along a half-space of granular medium. We impose zero velocity far from the moving wall (see figure 1) . In our scheme, the motion of the particles under shear consists of individual jumps of typical length d g occuring at velocity v = V 0 .
One grain can thus either be at rest or move together with the wall 1 . The interface between moving and static particles defines a yielding surface for the pack. We define P (r, t) as the probability of a yielding surface per unit of time and length (in units of particle diameter) along the y-axis at a distance r from the moving wall and at time t. We assume a no slip condition at the wall (this condition mimics a classical experimental realization where a layer of particles is glued onto the moving wall). We will consider both two dimensional and three dimensional geometries (D will denote in the following the space dimension).
Let's focus on the dynamics of the first freely moving layer. As the wall moves by a distance d g (in a time τ 0 = d g /V 0 ), a particle in this layer is either dragged with the wall inducing a slippage further above, or stays immobile so that a crack develops at r = d g .
Assuming a Coulomb-type slip condition, we know that the relative motion of the particle with respect to the wall depends on the ratio of the normal and shear stress experienced from the neighboring particles during the time period τ 0 . Based on this mechanical consideration, and by analogy with thermally activated processes, Pouliquen & al [8] have proposed an expression for the probability p 0 of slippage between 2 particles from 2 consecutive layers in 1 note, this bimodal velocity distribution for the grains has been roughly observed in experiments [7] a granular material slowly flowing down a pipe. In their picture, the spatial stress fluctuation induced by the randomness of the pack, plays the role of a temperature, allowing them to apply classical rate processes theory [9] . Assuming the average shear and normal stress to be uniform inside the sample, as well as their statistical variance, p 0 is then constant throughout the material. To derive an average particle velocity in a fully developped shear flow however, one needs to define a probability of yielding over a certain time periode dt.
An important parameter, ignored in Pouliquen's description, is the time-scale characterizing the stress fluctuations experienced by a single particle. For the first layer, a natural guess is τ 0 , which corresponds to a shear strain of 1 in the first layer. We can now write down the rate of slipping at the wall P (d g , t) as :
This expression assumes that we neglected multiple jumps. A is a normalisation constant.
The calculation of P (r, t) away from the wall is based on a self-similar argument. We postulate that, for a yielding event to occur at a distance r from the wall, the crack must extend radially over a distance of the order r. The relative motion of the material at a distance r from the wall is thus mediated by small displacement (of typical length d g ) of self-similar solid clusters of size r in all directions, connected to the moving wall (see figure   1 ). This hypothesis is supported by the idea that the force network is locally screened by the wall and allows independent motion of the particles in its vicinity. As one goes deeper in the pack, the correlation length in particle displacement is increased, so that incoherent displacements are forbidden. Because the size of the shear band seems independent of the particle diameter, a linear increase of the coherence length with the distance to the wall is the only reasonnable choice (for simplicity we will take exactly r in the following).
Given this general picture, the analysis follows: we define N g (r) the number of particles involved in a crack developping at a distance r :
The probability for this set of particles to become simultaneously unstable is (p 0 ) Ng , whereas the time scale τ (r) of the stress fluctuations supported by the block of length r reads:
The scaling for τ (r) was made consistant with the criterion used for the first layer: τ (r)
corresponds to a shear strain of 1 for a cluster of size r. Two different time scales are thus involved in the dynamics of these blocks: a rapid one, τ 0 which corresponds to the release of the stress when a yielding occurs; a slower one -τ (r) which characterises the stress fluctuations experienced by the particles at a distance r from the wall.
Finally, a particle located at y = r has N g possible locations along the crack and the expression for P (r, t) eventually reads:
When a yielding occurs at a distance r from the wall, every particle below y = r moves over a distance d g whereas no motion occurs above y = r. Such an event represents a discontinuity in the instantaneous velocity profile (the velocity is V 0 below the crack and 0 above during a time τ 0 ). The constitutive differential equation for the stationary mean velocity profile V (r) thus reads :
with the boundary conditions V (0) = V 0 and v(∞) = 0..
For D = 2, we obtain:
which by integration gives an exponential velocity profile V 2D (r): 
so that the velocity profile V 3D (r) is gaussian:
The function P (r, t) then reads respectively in two and three dimensions:
Although a few hypothesis have been used to derive these results, note that the only crucial assumption is that the persistence length of the fractures increases linearly with r.
This argument alone produces the main behavior of P (r, t) as a function of p 0 . The rescaling of the stress fluctuation time-scale τ (r) only controls the prefactor of the exponential and gaussian velocity profiles.
III. FORCES DISTRIBUTION AND POWER SPECTRUM
In addition to the velocity profiles, the knowledge of the function P (r, t) gives appropriate information for computing other properties of the flow such as the probability distribution function (PDF) of the forces along the wall as well as the power spectrum of this signal.
These two quantities have been experimentally studied in both two and three dimensional granular shear flows [5, 10] . In these experiments, the force transducer generally acommodated a large number of particles so the measurement corresponded to the integrated value of many individual contact forces. Similarly, we attempt to estimate the fluctuations of forces integrated over a large area of the wall. We assume that each yielding event occuring at a distance r produces a force peak of intensity F (r) during a time τ 0 . Successive yieldings are supposed to be uncorrelated in time. Since an event at a distance r corresponds to the simultaneous slippage of N g grains, we postulate that F (r) is proportionnal to N g , or equivalently:
From here, we can derive the form of the probability distribution function (PDF) ρ(F ) by identifying r D−1 with F in P (r, t):
where F 0 is the mean force of the distribution. Surprisingly, these PDF are the same for 2 and 3-D. Both are consistant for large forces as observed in experiment. The behaviour at low forces may have more complicated features, but this range is not probed by experiments.
One may note that eq. (3) is formally identical to what has been observed for large forces on individual particles in a compressed static array [11] . However, such a static distribution would narrow upon spacial averaging. In the present description, the width of the force distribution is insensitive to the integration area 2 in agreement with experimental observations. In the continuously sheared regime, the wide force distribution arises from the coherence in the force release induced by the sudden motion of large clusters, and not from the purely static force distribution on individual particles.
The power spectrum of the force fluctuations can also be obtained in this description as follows: the power signal is decomposed into stochastic succession of peaks of height F 2 (r) and width τ 0 . The time scale τ ′ (r) between 2 successive kinks reads :
For a given r, and therefore a given F (r), the signal is known as the so-called telegraph noise, for which the power spectrum Q r (ω) reads [12] :
2 the finite size should merely show up as a cut of at high forces
with 1/T (r) = 1/τ ′ (r) + 1/τ 0 Therefore, since yieldings at different distances of the wall are uncorrelated, the power spectrum Q(ω) for the overall signal is given by the sum:
Q(ω) exhibits qualitatively the same behavior for 2 and 3 dimensions. For frequencies much larger than ω 0 = 1/τ 0 , the power spectrum behaves like ω 0 /ω 2 as observed in experiments [10] ; this is a direct consequence of the stochastic description of the process. On the other hand, the expression (4) displays a well-defined non-zero limit as ω → 0. By comparison, the power spectra measured in [10] exhibit a continuous, although small increase as ω → 0.
IV. CONCLUSION-ACKNOWLEDGEMENTS:
We have shown that a simple stochastic description of slowly sheared granular material can capture the main characteristics of the flow: the velocity profile and forces fluctuation in 2 and 3 spacial dimensions. We note that the agreement with experimental data is surprisingly good with regards to the small number of ingredients introduced. In particular,
we ignored the existence of granular density variations along the direction normal to the flow which may induce significant corrections. The crucial assumption of this model lays in the self-similar structure of the moving clusters that rapidly form and disappear as the material flows. This assumption has been qualitatively suggested by the mere observation of 3D flows watched from below through a transparent bottom plate. We hope that this tentative description will motivate further investigations to probe the nature of space and time correlations in the motion of neighboring particles.
In a broader sense, we think that such an approach should aid in understanding the dynamics of slow relaxation in highly constrained systems. This may include foams, concen- Power spectrum of the forces in the 2D geometry. The curve has a flat part at low frequencies and a 1/ω 2 behavior for large frequencies. The cross-over between these two regimes occurs around the typical frequency ω 0 for which the wall has moved by one grain diameter.
